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Signals & System Response (Ch.2 & Ch.3)

1-Measurment system (input signals and output signals)
2-Types of Signals
3-Average and RMS (Root-Mean-Squared) of a signal
4-Sinusoidal periodic signals
5-Fourier’s wave form
6-Generlized form of  differential equation for measuring system
7-Zero order system
8-First order system

8a-step input and system response for first order system
8b-frequency response for first order system

9-2nd order system
9a-step response for 2nd order system
9b-frequency response for 2nd order system
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Measurement System
Differential Equation

Input signal

Output signal

1-Measurment system (input signals and 
output signals)

Wave Signal
Amplitude and frequency 3
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2-Types of signal

▪Digital▪Time-discrete▪Analog

Continuous variation with 
time

Specified at certain 
interval of time

Specified at certain interval 
of time & certain levels
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Signals:

Static

Dynamic

Static and Dynamic signals

Signal variation with time is 
negligible compared to 
time span of the 
measurements

Signal variation with time is 
comparable to time span 
of the measurements

2-Types of signal

Example: measuring 
room temperature

Example: measuring  the 
pressure inside a cylinder 
of an internal combustion 
engine 5



1-Step function 2-Impulse 3-Ramp

Samples of the input functions to 
measurement system

4-Sine wave 6
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Samples of the input functions to 
measurement system
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Samples of the input functions to 
measurement system
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Analog and digital representation of wave signal
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Function average

RMS=Root mean squared

3-Average and RMS (Root-Mean-
Squared) of a signal
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For discrete function 

Average

RMS value 
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Subtracting the DC offset from the signal
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Evaluation of mean and 
RMS of a periodic wave
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Signal amplitude and frequency

4-Sinusoidal periodic signals

𝑦 = sin(𝜔𝑡)

 Circular frequency 
[rad/s]

T=period [s]

f=frequency [1/s]=Hz
f=1/T

Period=T
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𝜔 = 2𝜋𝑓



Simple mass spring system

𝐹 = 𝑚𝑎

Applying force 
balance 

𝑚
𝑑2𝑦

𝑑𝑡2
+ 𝑘𝑦 = 0
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For free body:

𝐹 = 𝑘𝑦

Spring force



𝑚
𝑑2𝑦

𝑑𝑡2
+ 𝑘𝑦 = 0

Simple mass spring system

Differential equation

Solution form

Can be put in form of only sin or cos functions such as
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Useful relations for sin & cos functions
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Any function with period T=2 can be written as 

combination of sin and cos function (i.e. Fourier’s form)

5-Fourier’s wave form
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A function with period T can be also be presented  by

5-Fourier’s wave form
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Representation of a 
square wave using 
Fourier's functions

First 

partial 

sum

Second 

partial 

sum

Third 

partial 

sum

Fourth 

partial 

sum

5-Fourier’s wave form
Example  2.4 :

Find the Fourier coefficient for a 
square periodic function as shown 
below 
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Interaction of a measurement 
system with input signal
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6- General form of the differential 
equation of a measuring system

n is the order of the differential equation
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7- Zero-order systems

𝑎0𝑦 = 𝐹(𝑡)

𝑦 𝑡 = 𝐾𝐹(𝑡)

𝐾 =
1

𝑎0
K = static sensitivity

Differential equation

The solution
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𝑎1
𝑑𝑦

𝑑𝑡
+ 𝑎0𝑦 = 𝐹 𝑡

𝑎1
𝑎0

𝑑𝑦

𝑑𝑡
+ 𝑦 =

𝐹 𝑡

𝑎0

𝜏
𝑑𝑦

𝑑𝑡
+ 𝑦 = 𝐾F t

Differential equation form

 is the time constant [s]

8- First order system
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𝐹 𝑡 = 𝐴𝑈 𝑡

8a-step input and system response for first order system

𝜏
𝑑𝑦

𝑑𝑡
+ 𝑦 = 𝐾F t

First order measurement system

Output Signal

Step input
26



𝜏 ሶ𝑦 + 𝑦 = 𝐾𝐹 𝑡 = 𝐾𝐴𝑈(𝑡)

𝑦 𝑡 = 𝑦𝑝 + 𝑦ℎ

Solution y consists of two parts; homogenous solution and 
particular solution

Error fraction function

𝑦 − 𝑦0 = (𝐾𝐴 − 𝑦0)(1 − 𝑒− Τ𝑡 𝜏)

Solution for first order system exposed to step input

8a-step input and system response for first order system

𝑦∞ = 𝐾𝐴

Here
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Subtract 𝑦∞ form both sides to get



Output of first order system exposed to 
step input KA with initial y=y0
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𝑒−1 = 0.368

𝑦∞ = 𝐾𝐴



Error Fraction function

Solution for first order system exposed to step input
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𝑒−1 = 0.368



Shape of the error fraction plotted on semilog coordinates
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• Plotting on semilog plot the variation in 
gamma  (error function) vs time to get 
accurate value of the time constant 

• Use curvefit to find the best equation fit
• From the figure estimate the slope of the 

curve which is related to the time constant

Experimentally finding the time constant for a first 
order system

See Example 3.5 in your textbook

log Γ = −𝑡/𝜏

𝑌 = 𝑚𝑡

m=-1/
31



𝑠𝑙𝑜𝑝𝑒 = 𝑚 = −0.194 = −1/𝜏

𝜏 = 5.15 𝑠
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𝐹 𝑡 = 𝐴 sin(𝜔𝑡)

Assume the input function to be 

The solution of the differential equation

Which consists of a decayed part plus a sinusoidal part

The first order differential equation of 
the measuring system is 

After certain time the decayed part will disappear and 
the left is the sinusoidal part

8b-frequency response for first order system

𝜏
𝑑𝑦

𝑑𝑡
+ 𝑦 = 𝐾F t

First order measurement system

Output 
signal
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 Is the phase shift

The solution of the differential equation

8b-frequency response for first order system

𝑦 𝑡 = 𝐶𝑒 Τ−𝑡 𝜏 + 𝐵 𝜔 𝑠𝑖𝑛 𝜔𝑡 + Φ

𝐵 𝜔 =
𝐾𝐴

1+ 𝜔𝜏 2

Φ 𝜔 = − tan−1(𝜔𝜏)

𝑀 𝜔 =
𝐵

𝐾𝐴
=

1

1 + 𝜔𝜏 2

34

Magnitude

Phase shift



Time delay

Shape of the input and output signals on 
first order measuring system

Input Signal
Output signal
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Define the function M() which is the 
magnitude ratio

When → 0     M()→1

When → M()→ 0

When → 1/ M()→ 0.707  or -3dB

Decibels

Magnitude
𝑀 𝜔 =

𝐵

𝐾𝐴
=

1

1 + 𝜔𝜏 2

8b-frequency response for first order system
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Dynamic error=

𝛿 𝜔 = 𝑀 𝜔 − 1



Φ = −tan−1 𝜔𝜏

Phase shift

When → 0     ()→0

When → ()→- 90

When → 1/ ()→ - 45

8b-frequency response for first order system

Phase shift
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Definition of bandwidth
𝑑𝐵 = 20𝑙𝑜𝑔𝑀 𝜔

Frequency bandwidth= the frequency band over which 
M() <= 0.707. In terms of decibels,  the band 
frequencies within which M() remains above -3dB
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𝑎2 ሷ𝑦 + 𝑎1 ሶ𝑦 + 𝑎0𝑦 = 𝐹(𝑡)

Second order measurement 
system

Output SignalInput signal

9-2nd order system

𝑚
𝑑2𝑦

𝑑𝑡2
+ 𝑐

𝑑𝑦

𝑑𝑡
+ 𝑘𝑦 = 𝐹(𝑡)
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𝑐𝑐 =
1

2 𝑘𝑚
Damping 
coefficient

Examples of 2nd

order systems:
• Accelerometer
• Pressure 

transducer



The roots of the characteristic function (for the 
homogeneous equation)

9-2nd order system

Roots can be either
1-Real & un -equal two roots
2-Two equal roots
3-Complex roots
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9-2nd order system

Homogenous solution

41



𝑎2 ሷ𝑦 + 𝑎1 ሶ𝑦 + 𝑎0𝑦 = 𝐹(𝑡)

Second order measurement 
system

Step input 

9a-Rsponse of 2nd order system due 
to step input

Output signal
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Response due to step input function
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Response due to step input function

𝜁 = 0

0 < 𝜁 < 1

𝜁 = 1

𝜁 > 1



Response due to step input function
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𝑇𝑑 =
2𝜋

𝜔𝑑
=

1

𝑓𝑑

Some definitions (underdamped system)
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Period

𝜔𝑑 = 𝜔𝑛 1 − 𝜁2

Ringing 
frequency
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Response due to step input function

From Holman textbook



Response of 2nd order system due to 
sinusoidal input function

𝑎2 ሷ𝑦 + 𝑎1 ሶ𝑦 + 𝑎0𝑦 = 𝐹(𝑡)

Second order measurement 
systemSinusoidal 

input 

Output signal

???
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9b-frequency response

Or the magnitude will be 
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9b-frequency response

50

Magnitude

Phase shift



9b-frequency response

Magnitude
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Resonance 
Frequency

Resonance frequency. Peak value

𝜔𝑅 = 𝜔𝑛 (1 − 2𝜁2)



9b-frequency response
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Phase shift
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Illustrative examples

1-first order system with step input
2-first order system with periodic input
3-2nd order system with step input
4-2nd order system with periodic input 
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1-first order system with step input

Illustrative examples

A first order system for measuring temperature has a time constant 
of 5 s. The initial temperature is 25  C . The temperature is 
suddenly changed to 60  C. 
a-Calculate the time when the temperature reaches 50 C.
b-What is the rise time to achieve 90% of the final value

We have the relation

y(0) =𝑦𝑜=25, 
y()=𝑦∞=60, y(t)=50 , 
=5 s

50 − 60

25 − 60
= 𝑒−

𝑡
5

2

7
= 𝑒−

𝑡
5

ln
2

7
= −

𝑡

5
−1.25 = −

𝑡

5
or

t=6.26 s

Same thing for part b to get t=8.82 s 

Error Fraction function
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Illustrative examples
2-first order system with periodic input

Consider a first order system with time constant =1s. Find the  magnitude ratio and 
phase shift for the following  input frequencies

f (hz)) 0.01 0.05 0.1 0.5 1 5 10 20

f (Hz) 0.01 0.05 0.1 0.5 1.0 5 10

 (rad/s) 0.06 0.31 0.63 6.28 12.57 31.42 62.83
 0.06 0.31 0.63 6.28 12.57 31.42 62.83
M() 0.998 0.954 0.847 0.157 0.079 0.032 0.016
 (deg) -3.6 -17.4 -32.1 -81.0 -85.5 -88.2 -89.1

𝑀 𝜔 =
𝐵

𝐾𝐴
=

1

1 + 𝜔𝜏 2
Φ = − tan−1 𝜔𝜏

𝜔 = 2𝜋𝑓

Magnitude Phase shift
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Magnitude Phase shift

8b-frequency response for first order system
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Consider a second order system with mass of 2 kg and a spring constant of k=100 
N/m. How long it will take to achieve 90% of the unit step function for damping 
ratio of 0.1, 1.0, and  1.5

3-2nd order system with step input

Illustrative examples

𝜔𝑛 =
𝑘

𝑚
= 7.07 𝑟𝑎𝑑/𝑠Natural frequency [Rad] Damping ratio= 
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 0.1 1.0 1.5

nt 0.8 4 6.8

T [s] 0.11 0.57 0.96
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Illustrative examples

4-2nd order system with periodic input 

For a second order system with damping ratio of 0.3 and natural 
frequency of 10000 Hz. Determine the range of frequencies for 
which the dynamic error less than 10%.

𝜁 = 0.3, 𝜔𝑛 = 10000 𝐻𝑧 = 62831 𝑟𝑎𝑑/𝑠

The Magnitude ratio is given by

Or one can use the figure
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𝜻 = 𝟎. 𝟑

Dynamic
error
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𝜔

𝜔𝑛
= 0.35

𝜔𝑛 = 10000 ∗ 2 ∗ 𝜋 = 62831

𝜔 = 0.35 ∗ 𝜔𝑛 = 22000
𝑟𝑎𝑑

𝑠
= 3501 𝐻𝑧

The magnitude ratio will be within 10% of 
the input value as long as f < 3501 Hz

From Magnitude ratio figure with dynamic ratio =10%

Then
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